CROSSED PRODUCT OF GROUPS. APPLICATIONS 
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Abstract. We survey the extensions of a group by a group using crossed products 
instead of exact sequences of groups. The approach has various advantages, one of 
them being that the crossed product is a universal object. Several new applications 
are given, a general Schreier type theorem is proved and a few open problems are posed. 



Introduction 

In 1895, in a long paper on extensions of groups, O. L. Holder |12j launched one of the 
most interesting problems of algebra: the extension problem. Let H and G be two groups. 
The extension problem consists of describing and classifying all groups E containing H 
as a normal subgroup such that E/H = G. The meaning of describing and, especially, of 
classifying these structures is actually part of the problem. The extension problem has 
been the starting point of new subjects in mathematics such as cohomology of groups 
(PQ), homological algebra ([IS]), crossed products of groups acting on algebras ([IB]), 
crossed products of Hopf algebras acting on algebras ([6]), crossed products for von 
Neumann algebras [H] etc. 

The first notable result regarding the extension problem was given by O. L. Holder 
himself (Theorem ll.9l below). who uses generators and relations to describe all extensions 
of a finite cyclic group by another finite cyclic group. The second major contribution 
regarding this problem was given by O. Schreier in 1926: he classified all extensions in 
case H is abelian and the morphisms are defined such that they stabilize H and G. The 
set of equivalence classes of extensions (via the equivalence relation that stabilizes H 
and G) is in a 1-1 correspondence with the cohomology group H 2 (G,H). The third and 
most important contribution to the extension problem was given in 1947 by S. Eilenberg 
and S. MacLane in two fundamental papers [IS]. In general, no solution is known for 
the general classification problem (cf. [EJ page 155]) although J. Baez recently stated 
in [5] that the above extensions are classified by weak 2-functors G — » AUT(H). 

The classification part of the extension problem requires first of all a definition of the 
morphisms between such objects. In other words, we have to define the category of 
extensions of a group H by a group G. Surprisingly, these morphisms have so far 
received only one definition, which is not the only one possible. More precisely: a 
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morphism between two extensions (E,i,p) and (E',i',p') of H by G is a morphism of 
groups 7 : E — > E' for which the following diagram is commutative: 



1 




1 — 

The category £i(H,G) obtained this way is a groupoid (i.e. any morphism is an iso- 
morphism) and all classification results proved until now on the extension problem were 
related only to this category. Is this the only way to define a morphism between two 
extensions? Of course not, they can be defined in at least two other ways, one being 
the following, which is the most natural from the point of view of category theory: a 
morphism between two extensions (E,i,p) and (E',i',p') of H be G is a triple (u,^,v), 
where u : H — > H , 7 : E — > E' , v : G — > G are morphisms of groups such that the 
following diagram is commutative: 



1 




This way we obtain a new and very different category £ 2 (H, G) , which is not a groupoid 
any more and is connected to £\ (H, G) via a faithful functor 

F:£ 1 (H,G)^£ 2 (H,G), F((E,i,p))= (E,i,p), F( 7 ) = (Id H ,J,Id G ) 

In this paper we will approach the classification part of the extension problem by defining 
the morphisms as above. The main result (Theorem 13. 8|) provides this classification. In 
order to do this, we had to replace the extensions (E, i,p) with the equivalent concept of 
crossed systems (H, G, a, /). The transition from extensions to crossed systems is quite 
natural if we ask ourselves the following elementary question: 

Let H be a group and E be a set such that H C E. What are all the group structures 
(E, ■) that can be defined on the set E such that H <E is a normal subgroup of E? 

Let (E, •) be such a group structure and G := E/H be its quotient group. Then, as a 
set, E = H x G and hence the problem can be restated as follows: let H and G be two 
groups; what are all the group structures that can be defined on the set H x G with the 
property that H = H x {1} ^ H x G? The set of these structures is in a one to one 
correspondence with the set of all crossed systems (H, G, a, /), where a : G — > Aut (H) 
is a weak action and / : G x G — > H is an a-cocycle. Fixing the groups H and G and 
denoting by Crossed (H, G) the set of all normalized crossed systems we shall identify 
three categories having the same class of objects, namely the set Crossed (H, G). Thus, 
the classification part of the extension problem can be restated in a much more precise, 
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categorical way: describe the skeleton of these categories. The main result of this paper 
describes the skeleton of the category £2(11, G) (Theorem 13. 8ft . The crossed product 
satisfies two universal properties: it is an initial object in a category but also a final 
object in another category which is not a dual of the first one (Theorem 12. ip . This result 
has several applications; in particular, the set of all (iso)morphisms between two crossed 
products H# J a G and H# J , G is explicitly described. It is in a one to one correspondence 
with the set of all quadruples (u, r, v, s), where u : H ^ H, r : G — > , v : G — > G are 
maps, and s : H — > G is a morphism of groups satisfying certain compatibility conditions 
(Corollary 12.21 Corollary I2.3H . On the route other interesting results are derived and a 
few open questions are posed. 



1. Preliminaries 

1.1. Definitions and notation. Let us fix the notations that will be used throughout 
the paper. \A\ denotes the number of elements of a finite set A and C n will be a cyclic 
group of order n generated by a: C n = {1, a, a 2 , ■ ■ ■ , a n_1 }. Let H and G be two groups. 
Aut (H) denotes the group of automorphisms of a group H and Z(H) the center of H. 
A map / : G x G — > H is called symmetric if f(gi,g 2 ) = f (92,91) for any g±, g 2 £ G. 
For a map a : G — > Aut (H) we shall use the notation 

a (g)(h) = 9>h 

for all g € G and h G H. As 01(g) £ Aut (H) we have that 

S>1 = 1, 9>(hih 2 ) = (g>h 1 )(g>h 2 ), g>h~ 1 = (g>hy 1 (1) 

for any g £ G and /i, /ii, /12 € i?. The map a is called trivial \i gi> h = h for all g € G 
and ft, € H. If a is a morphism of groups we denote by H x a G the semidirect product 
of H and G: Hx. a G = HxGasa set with the multiplication given by 

(hi, g\) ■ (h 2 , g 2 ) ■= (Mfi > h 2 ), gig 2 ) 
for all hi, h 2 e -ff, gi, g 2 & G. 

An extension of H by G is a triple (-E7, -z, vr), where .E is a group, i : H —* E and tt : — > G 
are morphisms of groups such that the sequence 



is exact. 



1.2. Crossed product of groups. We recall now a fundamental construction at the 
level of groups. It has served as a model for later generalizations at the level of, e.g., 
groups acting on rings [16] , Hopf algebras acting on algebras [6], von Neumann algebras 
[H], quantum groupoids [7]. 

Definition 1.1. A crossed system of groups is a quadruple T = (H,G,ct, /), where H 
and G are two groups, a : G — > Aut (H) and f : G x G ^ H are two maps such that the 
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following compatibility conditions hold: 

g l >{g 2 >h) = j %g x ,g 2 ) {{gm) > h) f(gi,g 2 )~ 1 (2) 
f(gi, 92) f(gm, 93) = {gi > f{g2, 53)) f(gi, 5253) (3) 

for all g\, g 2 , g% € G and h £ H. The crossed system V = (H, G, a, f) is called normalized 
if /(l, 1) = 1. The map a : G — > Aut (-ff) is called a u>ea£; action and f : G x G ^ H is 
called an a-cocycle. 

We denote by Crossed (-ff, G) the set of all normalized crossed systems: 

Crossed (H, G) = {(a,/) | (H, G, a, f) is a normalized crossed system} 

We note that if Im(/) C Z(H) the condition ([2]) is equivalent to the fact that a is an 
action: (gig 2 ) >h = g±> (g 2 > h), for all g±, g 2 G G and h € H. First we give some useful 
formulas for a crossed system. 

Lemma 1.2. Lei (H,G,a, f) be a crossed system. Then 

f(g,l) = </>/(l,l) (4) 
l>fc = /(l, 1)^/(1,1)^ (5) 
= /(1,1) (6) 
/or any g £ G and h £ H. In particular, if (H, G, a, f) is a normalized crossed system 
then 

f(l,g) = f(g,l) = l and l>h = h (7) 
for any g € G and h € H . 

Proof. The condition ([3]) for 52 = 53 = 1 an d gi = g gives ([4]) . Now if we set 31 = g 2 = 1 
in ([2]) and take into account that a(l) is surjective we obtain ([5|). If we set g\ = g 2 = 1 
and 53 = 5 in ([3]) and take into account ([5]) we obtain © . □ 

Let H and G be groups, a : G — ► Aut (i?) and f : G x G ^ H two maps. Let 
G := H x G as & set with a binary operation defined by the formula: 

(Tti, 51) • (7i 2 , fif 2 ) := (^1(^1 > h 2 )f(gi, g 2 ), gig 2 ) (8) 

for all hi, h 2 E H, gi, g 2 E G. 

The following theorem gives the construction of the crossed product of groups. It is 
unfortunately difficult to refer to a place that would contain the proof of this version of 
theorem (see [I], [2], [8], [9], [TT], p3], p2], [H]). Therefore, for convenience purposes, 
we present a short proof below: 

Theorem 1.3. Let H and G be groups a : G — > Aut (H) and f : G x G — > H two maps. 
The following statements are equivalent: 

(1) The multiplication on H^ a G given by fSp is associative. 

(2) (H, G, a, f) is a crossed system. 

In this case (H#aG, •) is a group with the unit l H „f G = l) called the 

crossed product of H and G associated to the crossed system (H,G,a, f). 
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Proof. For hi, h 2 , h 3 E H and gi, g 2 , g 3 £ G we have 

[(hi,gi) ■ (h 2 ,g 2 )] ■ (h 3 ,g 3 ) = Qi(ffi > h 2 ) f(gi, ggKCffigg) > h 3 )f(g 1 g 2 , g 3 ) , gig 2 g 3 ) 

and 

(/ii,5i)-[(^2,32)'(^3,33)] = (fei(gi>^2) (gi > (g2>h 3 ))(gi> f(g 2 ,g 3 ))f(g 1 ,g 2 g 3 ) , gig 2 g 3 ) 
Hence, the multiplication given by ([8j) is associative if and only if 

/ (gi, 92) ((5152) >h 3 )f(gig 2 ,g 3 ) = (gi >(g 2 >h 3 )) (gi > /(# 2 , 33))/ (91,9293) (9) 

for all gi, g 2 , g 3 £ G and /i 3 € if. We shall prove now that Q holds if and only if (|2|) 
and ((3D holds. 



Assume first that ([2]) and ((3|) holds. Then 



f [91,92) {(gm) >h 3 )f(g 1 g 2 ,g 3 ) = (gi> (g 2 > h 3 )) f(gi,g 2 )f(g ± g 2 , g 3 ) 



{91 > (92 > h 3 )) (gt > f(g 2 ,g 3 ))f(gi,g 2 g 3 ) 

i.e. (|9|) holds. Conversely, assume that Q holds. Using ([T|) after we specialize h 3 = 1 in 
© we obtain ©. Now, 

(pi>(02>MJ/(0i>02) = f(9i,92){(9i92)>h)f(g 1 g 2 ,g 3 ) 

[(91 > /fe, 93))f(gi, 9293)]~ 1 f(gi, 92) 

^ f(9i,92){(gig2)>h)f(gig 2 ,g 3 )f(g 1 g 2 ,g 3 )~ 1 
1(91,92)^ f (91,92) 

= f{gi,g2)((gig2)>h) 

i.e. ((2|) holds; hence the first part of the theorem is proved. 

We assume now that (H, G, a, f) is a crossed system and we prove that (H#a G, •) is a 
group. For h S H and 5 € G we have 

(M)-(/(Mr\i) = (/ J ( 5 >(/(i,ir 1 ))/(3,i),5) 

^%>(/(l,l)- 1 )( ff >/(!,!)), g 



>( 5 >(/(l,l)- 1 /(l,l))),5 



and 



= (h(g>l),g) = (h,g) 
(f(l,l)-\l)-(h,g) = (f(l,l)- 1 (l>h)f(l,g),g) 

§ (/(Mrv^wtMrvu,^) 

i (/ l /(l,l)- 1 /(l,l),5)=(/i,5) 
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1. e. (/(1, 1) 1 , 1) is the unit of (H^ a G, •). Let now (h, g) € H^ a G. Then it is easy to 
see that 

(h, g y l = (/(l, l)- 1 /^- 1 ^)- 1 ^ -1 > h' 1 ), g" 1 ) 

is a left inverse of (h,g). Thus ##£g is a monoid and any element of it has a left 
inverse. Then H# a G is a group and we are done. □ 

Let T = (H, G, a, /) be a normalized crossed system. Then in the crossed product 
H# J a G we have: 

(h,l)-(l,g) = (h,g) (10) 

for any h £ H and g € G. Thus (H x {1}) U ({1} x G) is a set of generators of the group 
H#a G. An extension of H by G is associated to any crossed system as follows: 

Corollary 1.4. Let (H,G,a, /) 6e a crossed system. Then 

l^H l JUH# f a G— — - G -1 (11) 

where iu{h) := (hf(l, l) -1 , l) and 7Tg(/i, 5) := g /or all h £ H and g £ G is an exact 
sequence of groups, i.e. iH,ira) is an extension of H by G. 

Examples 1.5. 1. Let H and G be two groups and a, f be the trivial maps: i.e. 
a(g)(h) = h and f(gi, 52) = 1 for all g, gi, g2 € G and h £ H. Then T = (#, G, a, f) is a 
crossed system called the trivial crossed system. The crossed product H # a G = H x G, 
the direct product of H and G. 

2. Let H and G be two groups and / : G x G — > -ff the trivial map. Then (ff, G, a, /) 
is a crossed system if and only if a : G — > Aut (iT) is a morphism of groups. In this case 
the crossed product iI#Q G = H x a G, the semidirect product of -ff and G. 

3. Let and G be two groups and a : G — > Aut (H) the trivial action. Then (H, G, a, f) 
is a crossed system if and only if Im (/) C Z{H) and 

f(9i, 92) f (9192, 53) = f(92, 93)f(9l, 5253) (12) 

for all gi, 52, 53 S G, that is / : G x G — > Z{H) is a 2-cocycle as they appear in the 
abelian cohomology of groups ([I], [T7], [H]). The crossed product G associated to 
this crossed system will be denoted by H x f G and we shall call it the twisted product 
of H and G associated to the 2-cocycle / : G x G — ► Z{H). Explicitly, the multiplication 
of a twisted product of groups H xf G is given by the formula: 

(hi, gi) ■ (h 2 , 52) := (hh 2 f(gi, 52), 5152) (13) 
for all hi, hi G -ff, 51, 52 € G. 

The next theorem shows that any extension i, 7r) of H by G is equivalent to a crossed 
product extension (H^aG,in^G)- It can be also viewed as a reconstruction theorem 
of a group from a normal subgroup and the quotient. 



We borrowed the terminology from groups acting on fc-algebras 
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Theorem 1.6. Let (E,i,ir) be an extension of H by G. Then there exists (H,G,a, f) a 
normalized crossed system and an isomorphism of groups 6 : H#l G -> E such that the 
following diagram 



1 



H 



IH 



H# f a G 



7T G 



G 



1 



H 



E 



7T 



ld G 



G 



is commutative. 



Proof For full details we refer to [T7], [H]. We shall identify H = i(H) <E. The crossed 
system is constructed as follows: let s : G — > E be a section of it : E — ► G such that 
= 1 and define a and / by the formulas: 

a:G^Aut(#), a(g){h) := s(g)hs{ g y 1 (14) 

f-.GxG^H, f(gi,g2):=s(g 1 )s(g 2 )s(g 1 g 2 )- 1 (15) 
for all g, gi, g 2 € G and h £ H. Then (ff, G, a, /) is a normalized crossed system and 

6:H# f a G^E, 6(h,g):=i(h)s(g) 

is an isomorphism of groups and the diagram is commutative: Tr(0(h, <?))= Tc(i(h))ir(s(g)) - 
g = Idc^dh, g)) , for all h £ H and g £ G. □ 

The next corollary shows that any crossed product of groups is isomorphic to a crossed 
product of a normalized crossed system. 

Corollary 1.7. £e£ (H,G,a, f) be a crossed system. Then there exists (H,G,a r , /') a 
normalized crossed system such that H#a G = HH^Li G (isomorphism of groups). 

Proof. It follows from the exact sequence dHJ that ^ Hx{l}<\H# f a G and H# f a G/Hx 
{1} = G. Using Theorem 11.61 we obtain a normalized crossed system (H,G,a' , /') such 
that G G. □ 

The following result is a better formulation of the Schreier theorem |11| Theorem 12.4]. 

Corollary 1.8. Let H and G be two groups. The existence of the following data is 
equivalent: 

(1) An extension of H by G. 

(2) A normalized crossed system (H,G,a, /). 

(3) A crossed system (H,G,a, f). 



Proof. It follows from Corollary 11.41 Theorem 1 1 . 6 1 and Corollary 11.71 



□ 
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Thus the extension problem of Holder can be restated in a computational manner as 
follows: 

Problem 1: Let H and G be two fixed groups. Describe all normalized crossed systems 
(H, G, a, f) and classify up to isomorphism all crossed products H#a G. 

The description of all extensions of a group by a group (or, equivalently in view of the 
corollary above, of all normalized crossed systems that can be constructed for two fixed 
groups) has been a central problem of group theory during the last century (see for 
example pQ , [8] , [13] ) . For the second part of the problem 1 (namely the classification) 
no solution is known in general. The first important result in the literature for the first 
part of problem 1 was proved by Holder himself |114 Theorem 12.9]. It describes the 
crossed product of two finite cyclic groups (we refer to [I] for related results): 

Theorem 1.9. A finite group E is isomorphic to a crossed product C n #aC m if and 
only if E is the group generated by two generators a and b subject to the relations 

a n = 1, b m = a\ b^ab = a j 

where i, j £ {0, 1, • • • , n — 1} such that 

i(j — 1) = 0(modn), j m = l(modn) 

The following argument indicates the crucial importance of the previous problem: we 
shall prove that any finite group is isomorphic to a finite product of normalized crossed 
products of finite simple groups. Thus we can survey all finite groups as if we are able to 
compute various crossed systems starting with finite simple groups or crossed products 
of them. The first part of the following theorem can be found in |18l pages 283-284] 
using the equivalently language of extensions of a group by a group. Here we present a 
different proof. 

Theorem 1.10. Any finite group is isomorphic to an iteration of normalized crossed 
products of finite simple groups. 

Any abelian finite group is isomorphic to an iteration of normalized twisted products of 
various Z Pi , where pi are prime numbers. 

Proof. Let E be a finite group of order n. We will prove by induction on n. If n = 2 
then E = 7L 2 an d we are done. Assume that n > 2. If E is simple there is nothing to 
prove. Assume that E has a proper normal subgroup {1} ^ H <] E. It follows from 
Theorem 11.61 that there exists a normalized crossed system (H,E/H,a, f) such that 
E = H#aE/H. As H and E/H have order < n we apply the induction. The abelian 
case follows similarly if we apply Theorem 11.61 and the fact that an abelian simple group 
is isomorphic to Z p , for a prime number p: in this case (j!4[) shows that in the abelian 
case the action a that arises is trivial, i.e. the crossed product between H and E/H is 
reduced to the twisted product E = H E/H . □ 

The examples below show how the Theorem 11.101 is applied. 

Examples 1.11. 1. Let / : C 2 x C 2 -> C 2 given by /(l, 1) = f(l,a) = f(a,l) = 1, 
/(a, a) = a. Then / is a 2-cocycle and C4 = C 2 C 2 , the twisted product of C 2 and 
C 2 . 
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2. Let 

a : C 2 — > Aut (C4), a(l) = Idc 4 , a(a)(x) = x~ l 
for all x G C4 and 

/:C 2 xC 2 ^C 4 , /(1,1) =/(l,a) = /(a,l) = 1, /(a, a) = b 

where b is a generator of C4. Then (C4,C 2 ,a, f) is a normalized crossed system and 
C2 — Qi the quaternion group Q of order 8 . Thus the quaternion group Q can be 
presented as 

Q = (C 2 x* c 2 )#£c 2 

for a 2-cocycle /1, a weak action a and a a-cocycle / 2 . 

Theorem 11.101 leads naturally to the question of associativity of crossed products. 

Problem 2: Let H , G and K be three groups and (H, G, a, f) and (H#a G, K, (3, g) two 
crossed systems. Under what circumstances do two crossed systems (G, K, (3' , g') and 
(H, G^ 9 p, K, a' , /') and an isomorphism of groups 

(iT#£ K * H#C {G#i K) exist? 



1.3. Commutativity of crossed product. The results presented here are the counter- 
part at the level of groups of some theorems proved recently in [15] for crossed products 
of group actions on rings. 

We shall fix V = (H,G,a, f), a normalized crossed system of groups. We define the 
group of invariants of the weak action a as follows 

H G := {h G H I g > h = h, V# € G} 

Then H G is a subgroup of H called the subgroup of invariants of the crossed system and 
hence we have the following extension of groups that is associated to a crossed system 
(H,G,a,f): 

H G < H = H x {1} < H# f a G 

Problem 3: Let (H, G, a, f) be a normalized crossed system. Give a necessary and 
sufficient condition for the category of representations of H G to be equivalently to 
the category of representations of H G . 

We compute now the center of a crossed product: 

Proposition 1.12. Let (H,G,a, f) be a normalized crossed system. Then (h,g) G 
Z(H#a G) if and only if the following three conditions hold 

g t>h! = h^h'h, geZ(G) (16) 
(9'>h)f(g',g) = hf(g,g') (17) 

for any h! G H and g' G G. 
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Proof. It follows from (fTUj) that (H x {1}) U ({1} x G) is a set of generators for H#a G. 
Thus, (h,g) £ Z(H#aG) if and only if (/t, g) commutes with (/i', 1) and (1,</) for all 
h' £ H and g' £ G. A direct computation shows that (h,g) ■ (l,g r ) = (1, p') • (h,g) for 
all g' £ G if and only if g € and (fTTj) holds. Similarly, using ((7|) we can show 

that (h, g) ■ (h 1 , 1) = (h' , 1) • (/i, g) for all h' £ H if and only if the first condition in (fTBj) 
holds. □ 



The next corollary gives the center of a twisted product: 

Corollary 1.13. Let H and G be two groups, / :GxG-> Z(H) a normalized 2-cocycle 
and H x? G the twisted product of H and G. Then 

Z(H xf G) = {(h,g) £ Z{H) x Z(G) \ f(-,g) = f(g, -)} 

In particular, a twisted product H X? G is an abelian group if and only if H and G are 
abelian groups and f is a symmetric 2-cocycle. 

Using the subgroup H G of invariants we give a description of the center of a crossed 
product having a symmetric cocycle: 

Corollary 1.14. Let (iJ, G, a, /) be a normalized crossed system such that f is a sym- 
metric a-cocycle. Then 

Z{H# f a G) = {{h, g)£H G x Z(G) \g>ti = h^h'h, V h' £ H] 

The next result gives a necessary and sufficient condition for a crossed product to be an 
abelian group. 

Corollary 1.15. Let (H,G,a, f) be a normalized crossed system. Then HjfaG is an 
abelian group if and only if H and G are abelian groups, a is the trivial action and f is 
a symmetric 2-cocycle. 

Proof. Assume that H^ a G is an abelian group. Then H and G are abelian groups. 
Using (|16j) of Proposition 11.121 we obtain that a is the trivial action and hence (|17j) 
shows that / is symmetric. The converse follows from Corollary 11.131 □ 

Remark 1.16. Let (H,G, a, f) be a normalized crossed system. Then the centralizer 
of H = H x {1} in Hjfl G is given by 

C H uf G (H) = {(h,g) \ g \> x = h^xh^Mx £ H}. 

If H is abelian then a is a morphism of groups and C„ „/ r {H) = H x Ker(a). Moreover, 
if G is also abelian and / is a symmetric a-cocycle then C ' H ^f q{H) is an abelian group. 
Indeed, for (h,g), (h',g') £ C H ^f G (H) we have: 

(h,g)-(h',g') = {h(g>h')f(g,g'),gg') 
= {hh' 1 h'hf(g,g'),gg) 
= (h'hf(g,g'),gg')=(h',g')-(h,g) 
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2. Crossed product as initial and final object. Applications 

In this section T = (H, G, a, f) will be a normalized crossed system of groups. We shall 
prove that the crossed product H # a G is determined by a universal property in two 
ways: it can be viewed at the same time as an initial object in a certain category rC and 
as a final object into another category Cr- Define the category rC as follows: the objects 
in rC are pairs (X, (u,v)) where X is a group, u : H — ► X is a morphism of groups, 
v : G — > X is a map such that the following two compatibility conditions hold: 

v{gi)v(g 2 ) = u(f(gi,g 2 ))v(gig 2 ), v{g)u{h) = u{g > h)v(g) (18) 

for all g, gi, g 2 € G and h £ H. A morphism / : (X, (u,v)) — > (X' , (u',v')) in rC is a 
morphism of groups / : X — ► A"' such that f ou = v! and f ov = v'. It can be checked 
that (H#aG, (iHiic)) is an object of rC, where i# and are the canonical inclusions 
i H :H^ H# f aG, i H {h) = (h,l) and % G :G^H# f a G, i G {g) = (l,g) for all h £ H and 

Define the category Cr as follows: the objects in Cr are pairs (X, (u,v)) where X is a 
group, v : X — ► G is a morphism of groups, ii : X — > is a map such that the following 
compatibility condition holds: 

u(xy) = u(x)(v(x)>u(y))f(v(x),v(y)) (19) 

for all x, y G X. A morphism / : (X, (tt, v)) — > (X',(u',v')) in Cr is a morphism of 
groups / : X — > X' such that u' o f = u and v' o f = v. It can be checked that 
(H#aG, (tth^g)) is an object of Cr where 7Tff and 7Tg are the canonical projections 
tth '■ H# a G —> H, nH(h, g) = h and ttq : H# a G —>■ G, vrc(/i, g) = g for all /i € H and 

Theorem 2.1. Let T = (H,G,a, f) be a normalized crossed system of groups. Then: 

(1) (H#aG, (iH,ic)) is an initial object ofrC. 

(2) (H#aG, (tth^g)) ^ a final object ofCr- 

Proof. 1. Let (X, (u, v)) E pC. We have to prove that there exists a unique morphism of 
groups w : H^ a G — > X such that the following diagram commutes: 

H# f a G 




X 
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Assume that w satisfies this condition. Then 

w((h,g)) = w((h,l)-(l,g))=w((h,l))w((l,g)) 
= (w o i H )(h)(w o i G ){g) = u(h)v{g) 

for all h € H and g € G and this proves that w is unique. The existence of w can be 
proved as follows: define 



w 



:H#lG^X, w(h,g)=u(h)v(g) 



Then 



w{{hi,gi) ■ (h 2 ,g 2 )) = w(hi(g 1 t> h 2 )f(gi, g 2 ), 5152) 
= u{hi)u{gi >h 2 )u(f(g 1 ,g 2 ))v(g 1 g 2 ) 

^ u(hi)u(gi \> h 2 )v(gi)v(g 2 ) 

u(h 1 )v(g 1 )u(h 2 )v(g 2 ) = w(hi, gi)w(h 2 , 52) 

1. e. w is a morphism of groups. The fact that the diagram above commutes is left to the 
reader. 

2. Let (X, (u, v)) £ C-p- We have to prove that there exists a unique morphism of groups 
w : X — > G such that the following diagram commutes: 

X 





H#f a G 

Assume that w satisfies this condition; then the commutativity of the diagrams gives 
that w(x) = (u(x),v(x)) for all i.e. w is unique. For the existence of w we define 

w : X — > H# a G, w(x) = (u(x),v(x)) for all x € X. We have: 

w(x)w{y) = (u(x),v(x))-(u(y),v(y)) 

u(x)(v(x) >u(y))f(y(x),v(y)), v(x)v(y) 



□ 



® (u(xy),v(xy)) =w(xy) 
i.e. w is a morphism of groups, as needed. 



The first application of Theorem 12.11 is the description of the (iso)morphism between a 
crossed product and a group. 
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Corollary 2.2. Let X be a group and (H,G,a, f) be a normalized crossed system of 
groups. Then: 

£ 

(1) A map w : H# a G — > X is a morphism of groups if and only if there exists a 
pair (u, v), where u : H — > X is a morphism of groups, v : G — > X is a map such 
that 

v{gi)v{g 2 ) = u(f(gi,g 2 ))v(g l g 2 ), (20) 
v{g)u{h) = u(g>h)v(g), (21) 
w(h,g) = u{h)v{g) (22) 

for all g, g\, g 2 € G and h £ H. 

(2) A map ip : X — > Hj^a G is a morphism of groups if and only if there exists a pair 
(u, v), where u : X — > H is a map, v : X — > G a morphism of groups such that 

u(xy) = u(x)(v(x)>u(y))f(v(x),v(y)) (23) 
ip(x) = (u(x),v(x)) (24) 

for all x, y G X. 

(3) w : H# f a G -» X given by \22\) is an isomorphism of groups if and only if there 
exists a pair (r,s), where r : X — > G is a morphism of groups and a retraction 
of v (i.e. r o v = Ida), s : X — ► H is a map that is a retraction of u (i.e. 
s o u = Iain ) such that: 

s(xy) = s(x)(r(x)>s(y))f(r(x),r(y)), u(s(x))v(r(x))= x, 
r(u(h)) = 1, s(v(g)) = l 

for all x 6 X, h £ H and g € G. 

(4) V : X -» H# f a G given by (24\ ) is an isomorphism of groups if and only if there 
exists a pair (r, s), where r : H — > X is a morphism of groups and a section of u 
(i.e. uo r = Idu ), s : G — > X is a map that is a section of v (i.e. v o s = Ida ) 
such that: 

s(gi)s(g 2 ) = r(f{g 1 ,g 2 ))s(g 1 g 2 ), s(g)r(h) = r(g > h)s{g) 
r(u(x))s(v(x)) = x, v(r(h)) = 1, u(s(g)) = 1 

for all gi,g 2 ,g G G and h G H. 

Proof. 1) We shall use Theorem ED if w : H#l G -» X is a morphism of groups then 
we take u and v given by u{h) := w(h, 1) and v(g) := w(l, g). Conversely, if u and v are 
given we define w(h,g) := u(h)v(g). 2) follows analogous from Theorem 12.11 

3) w : H#a G — > X is an isomorphism of groups if and only if there exists tp : X — > 
H#a G a morphism of groups such that tp o w = Id U4 ,f n and w o tp = Idx- Using 2) tp 
is a morphism of groups if and only if there exists r:X-»Ga morphism of groups and 
a map s : X — ► H such that: 

s(xy) = s(x)(r(x)>s{y))f(r(x),r(y)), ip(x) = (s(x),r(x)) 
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Now if we use ip o w = Id w4 ,f n and w o tp = Id% for the generators of Hj^a G the 

" TTa Ct 

conclusion follows. Item 4) follows similarly. □ 

In particular we can find the morphisms between two crossed products. If a' : G — ► 
Aut (H) is another weak action we shall denote a{g){h) = g >' h. 

Corollary 2.3. Let (H,G,a, f) and (H,G,a r , /') be two normalized crossed systems. 

f f' 

There exists a bisection between the set of all morphisms of groups ip : H# a G — > Hw a > G 
and the set of all quadruples (u,r,v,s), where u : H ^ H, r : G — > -ff, i> : G — > G are 
three maps, and s : H — > G is a morphism of groups such that 

v{gi)v(g 2 ) = s(f(g 1 ,g 2 ))v(g 1 g 2 ) 
v(g)s(h) = s(g>h)v(g) 

u{hih 2 ) = u(/ii)(s(/ii)>VM/Wi)> s (M 



u{g t> h) [s(g > h) >' r(g))f'(3(g > h), v(g)) = r(g){v(g) >' u(h)) f (v(g), s(h)) 

r(gi){v(gi) >' r(g 2 )) f' (v(gi),v(g 2 )) = u(f(gi,g 2 )) [s(f(gi,g 2 ))>'r(gig 2 ) 

f{s(f{g u g 2 )),v{g 1 g 2 )) 

Furthermore, the one to one correspondence is given such that tp : H# J a G — > Hw a > G is 
given by the formula 

</>(M) = (u(h),s(h))-(r(g),v(g)) 

[u(h)(s(h) >' r(g))f'(s(h),v(g)), s(h)v(g) 

and u(l) = 1, v(l) = 1 and r(l) = 1, for any such quadruple (u,r,v,s). 

Proof. Let ip : H# a G — > Hw a i G be a morphism of groups. Using 1) of Corollary 
for X := Hw a i G we get that there exists a unique pair («3>i, § 2 ), where $1 : H — * X is 
a morphism of groups and a map <I>2 : G — > X such that 

iP(h,g) = $i(h)$ 2 (g) (25) 

^2(^1)^2(52) = $i(/(5i,92))*2(5i52) (26) 
$ 2 (g)$i(h) = $ 1 (g>h)$ 2 (g) (27) 

for all h € H , g, g±, g 2 £ G. $1 : H — > Hw a i G is a morphism of groups: thus using 2) 
of Corollary 12.21 we get a unique pair (s,u), where s : H — > G is a morphism of groups, 
u : H — > -?/ is a map such that 

= (28) 
u(fei^) = uih^isih^^u^f'isih)^^)) (29) 

for all h, h±, h 2 E H. $2 : G - >■ Hw a /G is a map: hence there exists a unique 
pair of maps (r,v), where r := tth $2 : G — ► H and v := 7rc o $2 : G — > G such 
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that $2(9) = ( r (d),v(g)), for all g € G. To conclude, for any morphism of groups 
ip : H# J a G -> H# J a , G there exist unique quadruples (s,u,r,v) as above such that 

1>(h,g) = (u(h),s(h))-{r(g),v(g))= (u(h){s(h) >' r(g)) f {s(h),v(g)) , s(h)v(g) 



Moreover, the compatibility conditions (|25p - (|29p are reduced to exactly in the five 
compatibility conditions of the statement of the Corollary. Finally, if we specialize the 
first condition at g\ = g<± = 1, we obtain v{\) = 1. Then if we put h± = h,2 = 1 in the 
third relation we get that u(l) = 1 and if we let g = 1 and h = 1 in the fourth condition 
we obtain r(l) = 1. □ 



The morphisms between two crossed products that stabilize the ends are much easier to 
describe: 

Corollary 2.4. Let (H,G,a, /) and (H,G,a' , /') 6e too normalized crossed systems. 
There exists a bijection between the set of all (is 0) morphisms of groups 
H^ J 1 G such that the diagram 



H 



Id H 



H 



H# f a G 



G 



7T, 



G 



Id G 



(30) 



G 



is 



commutativ^ and the set of all maps r : G — > H such that 

g>'h = r(g)- 1 (g>h)r(g) (31) 
f (91,92) = {9i>'r(g 2 r 1 )r(9i)~ 1 f(9u92)r(gig2) (32) 
for all g, g\, gi 6 G and h € H. Furthermore, the one to one correspondence is given 



such that ip : Hj^ a G 



f 

H# 1 G is given by the formula 



tp(h,g) = (hr(g),g) 



(33) 



for all h € H and g G G. 



Proof. Let ip : H# J a G — > Hw a i G be a morphism of groups such that the above diagram 
is commutative. Thus there exist three maps u: H^>H,r: G^H,v:G^G and 
a morphism of groups s : H — > G such that the five relations of Corollary 12.31 hold and 
ip o ijj = i' H o Idn, Ida o ttq = ir' G o ip. It follows that u = Idu, v = Ida and s(h) = 1 
for any h G H. Hence, the five compatibility conditions of Corollary 12.31 are reduced to 
(I3T1) and (1321) and we are done. □ 



Remark 2.5. Corollary 12.41 is a classification result: see Corollary 13.31 below for the 
exact statement. It generalizes the Schreier theorem \17\ Theorem 7.34] that can be 



2 Such a morphism is necessarily an isomorphism of groups [9] Theorem 3.2.3]. 
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obtained if we let H to be an abelian group and a' = a. In this case (f3T1) holds and ([32]) 
can be written as: 

f (91,92) f'{gi,g2)~ 1 = r(gi)(gi > r(g 2 ))r(g 1 ,g 2 y 1 
for all g%, g 2 £G which means that is coboundary. 

Using Corollarv l2.2l we can also describe the isomorphisms between two crossed products: 
the explicit description is left to the reader (we refer to [3] for full details). Corollary 12,31 
can be used to compute all the (iso)morphism between all special cases of crossed prod- 
ucts. We shall indicate only two relevant cases: first we shall compute the morphisms 
between a semidirect product and a twisted product and then we shall describe the 
morphisms between a crossed product and a direct product. 

Corollary 2.6. Let H and G be two groups, f : G x G — > Z(H) a normalized 2-cocycle 
and a : G — ► Aut(H) a morphism of groups. There exists a bijection between the set of 
all morphisms of groups ip : H x Q G — > H xf G and the set of all quadruples (s, u, r, v), 
where s : H — > G, v : G — > G are morphisms of groups and u : H — > H , r : G — > H are 
two maps such that: 

r(gm) = r(g 1 )r(g 2 )f(v(g 1 ),v(g 2 )) 
u(h\h 2 ) = u(hi)u(h 2 )f(s(h 1 ),s(h 2 )) 
v(g)s(h) = s(g>h)v{g) 
r(g)u(h)f(v(g),s(h)) = u{g > h)r(g)f(s(g > h),v(g)) 

for all g, g\, g 2 G G, h, h\, h 2 & H. Moreover, through the above bijection ip is given by 

1>(h,g) = (u(h)r(g)f(s(h),v(g)), s(h)v(g)) 

for all h € H and g £ G. 

Proof. We apply Corollary 12.31 in the case that / is a trivial cocycle and a' is a trivial 
action. □ 

Corollary 2.7. Let (H,G,a, f) be a normalized crossed system. There exists a bijection 
between the set of all morphisms of groups ip : H G — > H x G and the set of all 
quadruples (s,u,r,v), where s : H — > G, u : H — > H are morphisms of groups, and 
r : G — > H , v : G — > G are maps such that: 

v(gi)v(g 2 ) = s(f(g 1 ,g 2 ))v(gig 2 ), r{g)u{h) = u{g > h)r(g) 
r(gi)r{g 2 ) = u{f{gi,g 2 ))r(gig 2 ), v(g)s(h) = s{g > h)v(g) 

for all g, g\, g 2 G G, h, h\, h 2 G H. Moreover, through the above bijection ip is given by 

i>(h,g) = (u(h)r(g), s(h)v(g)) 

for all g € G, he H. 

Proof. We apply Corollary 12.31 in the case that /' is a trivial cocycle and a' is a trivial 
action. □ 
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The next Corollary describes the category of the representations of a crossed product 

Corollary 2.8. Let (H, G, a, f) be a normalized crossed system and k be a field. Then 
there exists an equivalence of categories between k ! H ^.f q\M the category of left k[H#a G]- 

modules and the category of all triples (V, •,*) consisting of a left k[H]-module (V, •) and 
a k-linear map * : k[G] ®fc V — > V such that 

9i * (92 *v) = f{gi,g2)»{{gi92)*v), g * (h • v) = (g > h) • (g *v) 

for all g, g±, g% G G, h € H and v € V . 

Proof. We apply 1) of Corollary 12.21 for X = Aut fe(V), the group of automorphisms of a 
A:- vector space V. □ 

The next Corollary is also of interest as it reminds us of the classical Clifford third 
problem of group representations: 



Corollary 2.9. Let X be a group, (H, G, a, f) a normalized crossed system and u : H 
X a morphism of groups, j 
that the following diagram 



X a morphism of groups. Then there exists a morphism of groups w : Hjf^ G — > X such 




X 

is commutative if and only if there exists a map v : G — > X such that 

v{gi)v(g 2 ) = u(f(g 1 ,g 2 ))v(g 1 g 2 ), v(g)u(h) =u(g>h)v(g) 
for all gi, g 2 , g G G and h G H . 

Proof. We apply 1) of Corollary E2J □ 

We shall consider now the exact sequence (jlip and we can ask when ijj : H — > H#a G 
splits in the category of groups. For X := H and u := Id# in the above corollary we 
obtain the answer: 

Corollary 2.10. Let (H,G,a, f) be a normalized crossed system. There exists a mor- 
phism of groups w : Hff-a G — > H such that w o i H = Idn if and only if there exists a 
map v : G — > H such that 

g>h = v(g)hv(g)~ 1 , f(gi,92) = v{gi)v(g 2 )v(g 1 g 2 y 1 

for all g\, g 2 , g G G and h G H . 

Dual to Corollary 12.91 we have: 
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Corollary 2.11. Let (H,G,a, f) be a normalized crossed system, X be a group and 
v : X — > G a morphism of groups. Then there exists w : X — > H^ a G a morphism of 
groups such that the following diagram 

X 




H# f a G 



is commutative if and only if there exists a map u : X — > H such that 

u{xy) = u(x)(v(x)>u(y))f(v(x),v(y)) 

for all x, y € X. 

Proof. We apply the 2) of Corollary 



□ 



3. Categorical approach: the extension problem revised 

Let H and G be two groups. We shall define three categories associated to H and G 
having the same class of objects, namely the set Crossed (H, G) of all normalized crossed 
systems. We denote with £±(H,G), S^iH, G), £?,{H, G) the categories having as objects 
all normalized crossed systems (H, G, a, f) and morphisms defined as follows: 

• A morphism ip : (a, f) — > (a', /') in £\(H, G) is a morphism of groups ij) : H^ a G — > 



f 

H# a , G such that the diagram 



H 



Id H 



1 



H 



H# f a G 



H#£ G 



kg 



G 



G 



Id G 



G 



1 



is commutative. 

• A morphism (77,^,7) : (a,/) — > (t/,/') in £2{H, G) is a triple (77,^,7), where r\ : 

f f 1 

H — > H, 7 : G — > G and ip : H# a G — > H# , G are morphisms of groups such that the 
diagram 



H 



H 



H# f a G 



G 



G 



(34) 



G 



is commutative. 
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• A morphism ip : (a, f) — > (a' , /') in £ 3 (H, G) is a morphism of groups ip : FLj^a G — > 

Remarks 3.1. 1) The category £i(H,G) is a groupoid. This category was used in the 
extension problem for groups. The category £2(H,G) is a diagram- type category and, 
from a categorical point of view, defining the morphism as we have done in £2(H, G) is 
more natural than the one in £\(H, G). Finally, in order to classify all crossed product 
structures Hj^a G that can be constructed for two fixed groups H and G (i.e. in order 
to solve the classification part of Problem 1) we have to deal with the morphisms as we 
defined them in £${H, G). 

2) £i(H,G) is a subcategory of £ 3 (H,G) and there exist functors connecting the above 
categories as follows: 

F 23 :£ 2 (H,G)^£ 3 (H,G), F 23 ((a, /)) := (a, /), F 23 (r,, ^ 7 ) := ^ 
F 12 :£ 1 (H,G)^£ 2 (H,G), F 12 (a, /):= (a, /), F 12 (^) := (Id H ,^Id G ) 

Having in mind that the forgetful type functors usually have adjoints we can ask: 

Problem 5: Let H and G be groups. Do the above functors F\ 2 , F 23 or the inclusion 
functor i : £\{H, G) — » £%{H, G) have right or left adjoints? 

The classification part of the extending problem can be restated as follows: describe the 
skeleton of the category £\(H, G). The following is of course natural and more general: 

Let H and G be groups. Describe the skeleton of the categories £i(H, G), i = 1, 2, 3. 

The skeleton of the category £\ (H, G) is obtained from Corollary 12.41 as follows H : 

Definition 3.2. Two normalized crossed systems (H,G,a, /), (H, G, a', /') are called 
1-equivalently and we denote it by (H,G,a, f) ~i (H,G,a' , /') if there exists a map 
r : G — > H such that 

g t>'h = r(g)~ l (gt>h)r(g) 
f (91,92) = (9i>' r(g 2 y l )r{g 1 )~ 1 f(gi,g 2 )r{g 1 g 2 ) 

for all g, g\, g 2 £ G and h G H. 

Corollary 12.41 shows that (H,G,a, f) ~i (H,G,a' , /') if and only if there exists ift : 
(a, /) —¥ (a', /') an isomorphism in £\(H, G). Thus ~ x is an equivalence relation on the 
set of all normalized crossed systems Crossed (H, G) and we have proved that: 

Corollary 3.3. Let H and G be two groups. There exists a bijection between the set of 
objects of the skeleton of the category £\(H, G) and the quotient set Crossed (H, G)/ ~i. 

Now we shall describe the skeleton of the category £ 2 (H, G). First we need the following: 



In [5] it is stated that the skeleton of the category £ 1 (H , G) is classified by weak 2-functors G — > 
AUT(H). 
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Proposition 3.4. Let H, G be two groups. Then (77,^,7) : (a, f) — > (a',/') is a 
morphism of £ 2 (H, G) if and only if n : H — > H , 7 : G — > G are morphisms of groups 
and there exists a unique map r : G ^ H such that: 

7](g\>h)r(g) = r(g)(j(g) >' q(h)) (35) 

r(gi) (7(31) >' r(g 2 ))f' (7(31), 7(52)) = v{f(di, 92))r(gig 2 ) (36) 

VKM) = (^(/i)r( 5 ),7(3)) (37) 

/or a// he H, g, g\, g 2 £ G. 

Proof. Since tp : Hjf-a G — > , G is a morphism of groups, from Corollary 12.31 there 
exists a unique quadruple (u,r,v,s), where u : H ^ H, r : G ^ H, v : G —> G 
are three maps, and s : H — > G is a morphism of groups satisfying the compatibility 
conditions from Corollary 12. 3[ On the other hand, the diagram (|34p is commutative: thus 
ip(h, 1) = (rj(h), 1) = (u(h), s(h)) and 7(5) = s{h)v{g). It follows that u = 77, 7; = 7 and 
s(/t) = 1 for any /i € H. Now, the first three compatibility conditions of Corollary 12.31 
are equivalent to 7 and 77 being morphisms of groups (as u and v are morphisms and 
s(h) = 1 for all h), and the last two compatibility conditions of Corollary 12.31 are reduced 
to the conditions ([35])- ([36]). □ 

Corollary 3.5. Let H and G be two groups. Then (77,^,7) : (a,/) — > (a',/') is an 
isomorphism in £ 2 (H,G) if and only if 77 : H — > , 7 : G — > G are isomorphisms of 
groups and there exists a unique map t : G — > i/ swc/i i/iai: 

(7>'/i = r?(^)(7- 1 (<7)>7 ? - 1 (/7))i( 5 )^ 1 ) (38) 
/'(<71,<72) = r / (i( 5l )( 7 - 1 (r7i)>%2))/(7" 1 (3i),7" 1 (32))%i52)" 1 ) (39) 

/or aW h £ H , g, gi, g 2 € G. Moreover, the isomorphism tp : H# J a G — > Hw a i G is given 
by the formula: 

1>{h,g) = (7 ? (/ l t( 7 (< 7 ))- 1 ), 7 (5)) 

for all h E H and g € G. 

Proof. i> : H# f a G -> G given by (|3"7|) is an isomorphism if and only if it is 

bijective. A morphism of groups : H#£, G -> F#£ G that makes the dia gram (I<j4l) 
commutative has the form 

^-\h,g) = (r 1 -\h)t(g), 1 - l {g)) 

for a unique map t : G — > that satisfies two compatibility conditions similar to f)35[> . 
([36]) . Now, if we write ipotp -1 = Id /> and ip~ l otp = Id„ „/ ^ on the set of generators 

(/z, 1) and (1,5) we obtain the relations 

V~ 1 {r(g))t( 1 (g))= 1, 7/(i( 5 ))r( 7 - 1 ( 5 )) = 1 

or equivalently 

r(g) = v{t(i(g)y r ) 



CROSSED PRODUCT OF GROUPS. APPLICATIONS 



21 



for all g € G. With this r the compatibility conditions ([35]) . ([36]) give exactly ([38]) . 

dHHD. □ 

Remark 3.6. In particular, if we specialize Corollary 13.51 for (H,G,a, /), the trivial 

crossed system, we obtain a necessary and sufficient condition for a crossed product 

to be isomorphic to a direct product in the category ^(if, G). More precisely, ip : 
pi 

H x G — > H-w a i G is an isomorphism in £2[H, G) if and only if there exists a pair (r],t), 
where r\ € Aut (H) is an automorphism of H, t : G — > is a map such that: 

5 D>'ft = T}(t( S l)T]- 1 (h)t(<,)- 1 ') 

f '(91,92) = r ] (t{g 1 )t{g 2 )t(g 1 g 2 )- 1 ') 
for all h (z H, g, g±, g% £ G. 

Definition 3.7. Two normalized crossed systems (H,G,a, /), (H,G,a' , f) are called 
2-equivalently and we denote it by (H,G,a, f) «2 (H,G,a' , /') if there exists a triple 
(77, 7, £), where rj : H ^ H , j : G ^ G are isomorphisms of groups, i : G — > is a map 
such that the compatibility conditions (|38j) . ([391) hold. 

Corollary [33] shows that (H, G, a, f) «2 (H, G, a' , /') if and only if there exists (77, 7) : 
(a, f) — > (a', /') an isomorphism in £2(H, G). Thus ~2 is an equivalence relation on the 
set of all crossed systems Crossed (H, G) and we have proved the following classification 
result that is a general Schreier's type theorem: 

Theorem 3.8. Let H and G be two groups. There exists a bijection between the set of 
objects of the skeleton of the category £ 2 {H, G) and the quotient set Crossed (H, G)/ «2- 

We end the paper with the following: 

Problem 6: Construct the crossed product for groupoids and generalize the results pre- 
sented in this paper to the level of groupoids. 

We recall that a groupoid is a small category in which any morphism is an isomorphism. 
This way, groups are groupoids with only one object. The construction of the crossed 
product for groupoids must be made in such a way that its generalization to the level of 
Hopf algebroids agrees with the one recently constructed in [7] . 

Acknowledgement: We thank the referees for their detailed suggestions that have 
helped us improve this paper. 
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